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, Abstract 

By considering spectral triples on Sj tc ( c > 0) constructed by Chakraborty and Pal ([6j), we 
show that in general the quantum group of volume and orientation preserving isometries (in the 
1 sense of [3]) for a spectral triple of compact type may not have a C*-action, and moreover, it can 

fail to be a matrix quantum group. It is also proved that the category with objects consisting 
of those volume and orientation preserving quantum isometries which induce C*-action on the 
C* algebra underlying the given spectral triple, may not have a universal object. 
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1 Introduction 

In a series of articles initiated by [11] and followed by [3], [3J, we have formulated and studied a 
quantum group analogue of the group of Riemannian isometries of a classical or noncommutative 
manifold. This was motivated by previous work of a number of mathematicians including Wang, 
Banica, Bichon and others (see, e.g. [Hj, [15], pQ, [2], [5], [16] and references therein), who have de- 
fined quantum automorphism and quantum isometry groups of finite spaces and finite dimensional 
algebras. Our theory of quantum isometry groups can be viewed as a natural generalization of such 
Q\ | quantum automorphism or isometry groups of 'finite' or 'discrete' structures to the continuous or 
smooth set-up. Clearly, such a generalization is crucial to study the quantum symmetries in non- 
commutative geometry, and in particular, for a good understanding of quantum group equivariant 
spectral triples. 

The group of Riemannian isometries of a compact Riemannian manifold M can be viewed as 
the universal object in the category of all compact metrizable groups acting on M, with smooth 
and isometric action. Moreover, assume that the manifold has a spin structure (hence in particular 
orientable, so we can fix a choice of orientation) and D denotes the conventional Dirac operator 
acting as an unbounded self-adjoint operator on the Hilbert space H of square integrable spinors. 
Then, it can be proved that the action of a compact group G on the manifold lifts as a unitary 
representation (possibly of some group G which is topologically a 2-cover of G, see [8] and [9] for 
more details) on the Hilbert space TL which commutes with D if and only if the action on the 
manifold is an orientation preserving isometric action. Therefore, to define the quantum analogue 
of the group of orientation-preserving Riemannian isometry group of a possibly noncommutative 
manifold given by a spectral triple (A°° ,Ti, D), it is reasonable to consider a category Q'(-D) 
of compact quantum groups having unitary (co-) representation, say U, on H, which commutes 
with D, and the (a-priori von Neumann algebraic) action ad;y maps A°° into its weak closure. 
A universal object in this category, if it exists, should define the 'quantum group of orientation 
preserving Riemannian isometries' of the underlying spectral triple. Indeed (see [4]), if we consider a 
classical spectral triple, the subcategory of the category Q'(-D) consisting of groups has the classical 
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group of orientation preserving isometries as the universal object, which justifies our definition of 
the quantum analogue. Unfortunately, if we consider quantum group actions, even in the finite- 
dimensional (but with noncommutative A) situation the category Q'(-D) may often fail to have 
a universal object. It turns out, however, that if we fix any suitable faithful functional tr on 
B(TL) (to be interpreted as the choice of a 'volume form') then there exists a universal object in 
the subcategory Q' R (D) of Q'(D) obtained by restricting the object-class to the quantum group 
actions which also preserve the given functional. The subtle point to note here is that unlike the 
classical group actions on BiTL) which always preserve the usual trace, a quantum group action 
may not do so. In fact, it was proved by one of the authors in [12] that given an object (Q, U) of 
Q'(D) (where Q is the compact quantum group and U denotes its unitary co-representation on TC), 
we can find a suitable functional tr (which typically differs from the usual trace of B(7i) and can 
have a nontrivial modularity) which is preserved by the action of Q. This makes it quite natural 
to work in the setting of twisted spectral data (as defined in |12j). It may also be mentioned that 
in [3j we have actually worked in slightly bigger category Q#(D) of so called ' quantum family of 
orientation and volume preserving isometries ' and deduced that the universal object in Q^(D) 
exists and coincides with that of Q' R (D). 

Now, it is natural to ask whether adjj induces a C*-action (in the sense of Woronowicz and Po- 
dles) of the compact quantum group QISO R (or QISO + whenever it exists) on the C*-completion 
A of A°°. This is indeed the case for group actions on manifolds, where a measurable orientation 
preserving isometric action by a compact group automatically becomes a smooth action, thanks to 
the Sobolev's theorem. However, we show in this article by giving a rather simple counterexample 
that such 'automatic continuity' fails in the quantum situation: more precisely, adjj does not in 
general induce a C*-action of QISO R or QISO + . From this, we also prove that the subcategory 
of Q' R (or Q') consisting of (Q, U) for which adjj induces C*-action may fail to have a universal 
object, thus answering in the negative a question raised by S. Wang (private communication). 

2 Notations and Preliminaries 

2.1 Basics of the theory of compact quantum groups 

We begin by recalling the definition of compact quantum groups and their actions from [19] , [18] . 
A compact quantum group (to be abbreviated as CQG from now on) is given by a pair (<S,A), 
where S is a unital separable C* algebra equipped with a unital C*-homomorphism A : S — > S <g> S 
(where (g) denotes the injective tensor product) satisfying 
(ai) (A (g> id) o A = (id <g> A) o A (co-associativity), and 

(aii) the linear spans of A(«S)(«S <S> 1) and A(<S)(1 (g) S) are norm-dense in S <8> S. 
It is well-known (see |19| . |18j ) that there is a canonical dense *-subalgebra So of S, consisting of 
the matrix coefficients of the finite dimensional unitary (co)-representations (to be defined shortly) 
of S, and maps e : So — > C (co-unit) and k : So — > So (antipode) defined on So which make So a 
Hopf *-algebra. 

A CQG (S, A) is said to (co)-act on a unital C* algebra B, if there is a unital C*-homomorphism 
(called an action) a : B — » B (g> S satisfying the following : 
(bi) (a (8> id) o a = (id (g> A) o a, and 

(bii) the linear span of a(B)(l <S) S) is norm-dense in B ® S. 

A unitary ( co ) representation of a CQG (S, A) on a Hilbert space TL is a map U from TL to the 
Hilbert S module H <g> S such that the element U £ M(fC(H) <g> S) given by U(£ <g> b) = U(£)(l <g> b) 
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(£ € TL, b G 5)) is a unitary satisfying 

(id® A)U = U {12) U (13) , 

where for an operator X G B(TL\®TL2) we have denoted by Xn%\ an d -^(13) the operators X®Ifi 2 G 
B{TL\ ® TL2 <8 TL2), and S23X12S23 respectively (£23 being the unitary on TL\ (8 TL2 <8 TL2 which flips 
the two copies of 0.2)- 

Given a unitary representation U we shall denote by adjj the *-homomorphism adjj(X) = 
U(X <8 1)J7* for X G 

We say that a (possibly unbounded) operator T on 7i commutes with U if T (8 I (with the 
natural domain) commutes with [7. Sometimes such an operator will be called ?7-equi variant. 

2.2 The quantum group of orientation preserving Riemannian isometries 

We briefly recall the definition of the quantum group of orientation preserving Riemannian isome- 
tries for a spectral triple (of compact type) (A°° ,TL, D) as in [4]. We consider the category 
Q'(A°°, TL, D) = Q'(D) whose objects (to be called orientation preserving isometries) are the 
triplets (S,A, U), where (S, A) is a CQG with a unitary representation U in TL, satisfying the 
following: 

(i) U commutes with D, i.e. U commutes with D I. 

(ii) (id (g> <j)) o ad[/(a) G (.A 00 )" for all a G „4°° for every state <fi on 5, where adu{x) := U(x (g> 1)C7*. 
The category Q'(-D) may not have a universal object in general, as seen in [3]. In case there is a 

universal object, we shall denote it by QISO + (D), with the corresponding representation U, say, 
and we denote by QISO + (D) the Woronowicz subalgebra of QISO + (D) generated by the elements 
of the form < £ ® 1, &du(a)(rj ® 1) >, where £,77 G H, a G and < •, • > is the QISO + (D)-valued 

inner product of TL (g> QISO + (D). The quantum group QISO + (D) will be called the quantum 
group of orientation-preserving Riemannian isometries of the spectral triple („4°°,7Y, .D). 

Although the category Q'(-D) may sometimes fail to have a universal object, we can always 
get a universal object in suitable subcategories which will be described now. Suppose that we 
are given an invertible positive (possibly unbounded) operator R on TL which commutes with 
D. Then we consider the full subcategory Q' R (D) of Q'(D) by restricting the object class to 
those (S,A,U) for which S is r^-invariant, i.e. (tr (8) id)(ad[/(X)) = tr(X)1 for all X in the 
*-subalgebra generated by operators of the form |£ >< rj\, where £,77 are eigenvectors of the 
operator D which by assumption has discrete spectrum, and tr{X) = Tr{RX) =< rj, i?£ > for 
X = |£ >< 7?| . We shall call the objects of Q' R (D) orientation and (i?-twisted) volume preserving 
isometries. It is clear (see Remark 2.9 in [3J) that when Re~ tD is trace-class for some t > 0, the 
above condition is equivalent to the condition that adjj preserves the bounded normal functional 
Tr(- Re~ tD ) on the whole of B{TL). It is shown in [4] that the category Q' R (D) always admits 

a universal object, to be denoted by QISO^(D), and the Woronowicz subalgebra generated by 

{< £(8)1, &dw(a)(r]®l) >, £, rj G Ti, a G ^4°°} (where W is the unitary representation of QISO R (D) 
in TL) will be denoted by QISO R (D) and called the quantum group of orientation and (i?-twisted) 
volume preserving Riemannian isometries of the spectral triple. 

It may also be noted that, if QISO + (D) exists, it will also be isomorphic with QISO R (D) for 

some (not necessarily unique) R. In fact, QISO + {D) QISO^(D) for any R such that QISO+(D) 
is 77j-invariant. 
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3 Quantum isometry group of the spectral triple of Chakraborty 

and Pal on S?. „, c > 

Mi 

The Podles' sphere S 2 jC is the universal C* algebra generated by elements A and B satisfying the 
relations: 

A* = A, AB = yT 2 BA, 
B*B = A-A 2 + cI, BB* = [i 2 A - ^A 2 + cl. 

Let us describe the spectral triple on S 2 C introduced and studied in [6]. 
Let H+ = H- = l 2 (W{J{0}),H = H+®H-. 

Let {e n ,n > 0} be the canonical orthonormal basis of TC+ = 7i- and N be the operator defined 
on it by N(e n ) = ne n . 

We recall the irreducible representations ir± : 7i± — > TC± given by: 

ir±(A)e n = X±fj 2n e n , 
ir±(B)e n = c ± (n)2e n _i, 



where e_i = 0, A± = ± ± (c + ±) * 



c±W = V"-(V") 2 + c (i) 

Let 7r = 7T + © 7r_ and L> = I 

Then (S 2 c ,7r,H,D) is a spectral triple of compact type. 

We note that the eigenvalues of D are {m : m € Z} and the one-dimensional eigenspace corre- 
sponding to m is spanned by ( 6m ) when m > 0, and by ( e ~ m J when m < 0. 
It follows from the definition of tt±(B) that 

7r + {B*)(e n ) = c + {n + l)h n+1 , 

vr_(S*)(e n ) = c-(n + l)h n+1 . 

Lemma 3.1 tt(5^ c )" = { ( ^ ^ e £( W e W ) : x 12 = X 21 = 0}. 

:2 y 



Proof : It suffices to prove that the commutant tt(S 2 c )' is the von Neumann algebra of oper- 
c 2 / 



ators of the form ( ^ ) for ci,c 2 G C. We use the fact that ir + and 7r_ are irreducible 



representations. 



Let X = f ^ n ^ G 7r (5' 2 ,c) / - Using the fact that X commutes with tt(A), tt(B), tt(B*) 



we have: X\\ G 7i+(S? )C ) = C and X 22 G 7r_(jS^ c ) = C, so let X\\ = c\I, X22 = c 2 J for some 
ci,c 2 . 

Moreover, 



X 12 7T_(A) =7T + (A)X 12 , (2) 
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X 12 7T_(£) =7T + (B)X 12 , (3) 
X 12 7T_(B*) = 7T + (B*)X 12 . (4) 

Now, (0) implies Xi 2 eo € Ker(ir + (B)) = Ceo- Let Xi 2 eo = Po^o- 

We have, n+(B)(X 12 ei) = c_(l)^i 2 e =p C-(l)^e , i.e, Tr + (B) (X 12ei ) € Ce . 

Since it follows from the definition of ir + (B) that 7r + (l?) maps span {e^ : i > 2} to (Ceo)" 1 " = 



spanje.; : i > 1}, ^i2ei must belong to spcmjeo, ei}. 

Inductively, we conclude that for all n, X\ 2 (e n ) € span{eo,ei, e n }. 

Using the definition of ir±(B*)e n along with ( H] ), we have c_(l)2 Xi 2 e\ = j»oc+(l) 3 e\, i.e, 

\- c+(l)^ 

Ai 2 ei = po + ; ' x e x . 

C_(l)2 

We argue in a similar way by induction that Xi 2 e n = c' n e n for some constants c' n . 
Now we apply ( H] ) and ( [3] ) on the vectors e n and e n+ \ to get 

, _ <c + (n+l)? , , _ c' n c.(n+l)i 
C„_i_i — ]— dilU C , i — I • 

n+i c_(n+l)2 n+1 c + (n+l)2 

Since c + (n + 1) 7^ c_(n + 1) for n > 0, we have = 0. 
Hence, c' n = for all n implying X12 = 0. 
It follows similarly that X 2 i = 0. □ 

Let (Q,A,U) be an object in the category Q'(L>), with a = &d(j and the corresponding 
Woronowicz C* subalgebra of Q generated by {< (£ ® l),a(x)(r] <g> 1) >g, Ti, x G <S^, C } is 

denoted by Q. Assume, without loss of generality, that the representation U is faithful. 

Since U commutes with D, it preserves the eigenvectors ( &n ) and 



Let U 



U 



6-n 



for some q^iQu e 2- By the assumption of faithfulness, the unital C* algebra generated by the 
elements q^iQu wm be the whole of Q. 



Lemma 3.2 VFe Ziave: 



<?n * for a11 n > ( 5 ) 



(c + (n)5+c_(n)2)(g+_ 1 g+*-g-_ 1 g-*) + ( c+ (n)i-c_(n)^)(^ all n > 1, 



(6) 



Mn)3 +c_(n)2)(g+_ l9 +* - g n _ ig -*) + (c+(n)i - c_(n)S)(g n _ l9 +* - g+_!<Z~*) = for all n > 1, 

(7) 



(c+(n + l)2+ c _(n + l) 5 )(g+ +1 g+*-g n+1 g n *) = (c+(n + l)*-c_(n + l) a )(g n+ ig^*-g^ +1 g„*) for all n. 

(8) 
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Proof : One has, a{A) ( & ™ \ 



U(A®1)U*{( e Q " ) 1) 



i[/(^ir((^)®i + (_ e e n J®i) 



2' 

\+V 2n e n \ +m ( X+fi 2n e n 



= ( 6 q ) ® l{A+/i 2n (l + + A-M 2n (l - qUn*) + A+^ 2n (l + Quit*) ~ A_// 2n ~ 



1)}+ 

Sii 

7r(S^ jC )" given in Lemma lBTTl that the coefficient of ( ^ ~\ in a(^4) ( 6 ™ ^ must be 0, which imp! 



Since a(^4) maps vr(5^ c ) into its double commutant, we conclude by using the description of 

ies 



9n 9n 9n 9n • 



Proceeding in a similar way, (0 ),(E|), (0) follow from the facts that coefficients of 



W e n _i 
e„-i J ' V 



and ( ° ) in a(B) f e " ) , a(fl) ( ° ) and a(B*) ( e " ) ( respectively ) are zero. □ 



e n +i / V / V e « / V 

For a series of the form ^ n T n , with T n £ C(E) for some Hilbert C*-module E, let us say that 
^2 n T n converges point-wise if for every £ in E, the series ^ n T n £ converges in the norm of E. With 
this terminology, we have the following 

Corollary 3.3 IfP n ,Qn denote the projections onto the subspace generated by ( ^ ^ and ^ 
respectively, then P n ,Q n £ 7r (*S' 2 ,c) an d we have 

oo . 

«04) = ^ AP n ® 2T-{A+(1 + g+g"*) + A_(l - g+g"*)} 

n=0 + 



0/ V e 



oo 1 

J^Qn ® ^-{A+(l " + A-(l + ?^9n*)}i 



2A 

ra=0 



oo j 

«(B) = V BP n <g> -— — [(c+(n)5 + c_(n)3)(g+_ l9 +* + g^g"*) 



^— ' 4c + (n 

n=l 



+(c+(n)5 - c _(n)*)(q-_ iq +* + g+_ x g-*)] + jr £Q„ ^ ———[(^ ( n )3 + c _( n )l; 

n=l ^ ' 
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(Qn-iQn* + Qn-iQn*) ~ (c+(™) 2 - c_ (n) a ) * + q n -iq£*)) ■ 

Here, each of the series of elements of C(TC (g) Q) appearing on the right hand sides, converges 
in the point-wise sense defined before the statement of the corollary. 

Proof : It is easy to see that P n , Q n are the eigenprojections of B*B for the eigenvalues 
c + (n),c~{n) respectively, and these are isolated points in the spectrum, that is in the point spec- 
trum, so by the spectral theorem, P n , Q n belong to C*(B*B) C 7r(S^ c ). The proof now follows by 

applying Lemma on a(A) ( e Q n \ ,a{A) f ° V a(B) ( e Q n } ,a{B) f V □ 

Proposition 3.4 As a C* -algebra Q is generated by the unitaries {<7„}n>0j an d ^ e self-adjoint 
unitary yo = Qo*Qo- Moreover, Q is generated by unitaries z n = q^-iQu* > n > 1 along with a self 
adjoint unitary w'. 

Proof : Replacing n + 1 by n in ( [8] ) we have, 

(c + (n)5+c_(n)5)(g+g+* 1 -g-g-* 1 )-( c+ (n)2 -c_(n)5)( 9 -g+* 1 - 9 +g-* 1 ) = 0for all n > 1. (9) 



Subtracting ( [9] ) from the equation obtained by applying * on ( [6] ), we have : 2(c+(n) 2 
c_(n) 2 — q^Qn-l) = for all n > 1 which gives : 



Qn Qn-1 = QnQn-l for a11 n > L ( 10 ) 

Using ( \W\ ) in ( [9] ) , we have 

QnQn-l = QnQn-l for a11 n > L ( U ) 

Let y n = <?"*<?+• 

Then, using (0), we observe that y n is a self adjoint unitary. 
Moreover, from ([10]), we have 



q+Vn-i for all ra > 1. (12) 
From ( [8] ) we have 

(c+(n)2 +c_(n) 3 )(qUn-i ~ QnQn-l) = ( c +(™)^ - C-(n)h(QnQn-i - QUn-i) for all n > 1. (13) 

Next, using (HU), we obtain q^*qt = Qn-iQn-l ^ or all n > 1 implying 

y n = y n -i for all n > 1. (14) 

From (H21) and (O) and the faithfulness of the representation U, we conclude that Q is generated 
by {Qt}n>o and y . 

Now we prove the second part of the proposition. Let P n = P n + Q n € 7r(<Su C )- Then, for all 
v G H,a(P n )v = PnV®l. 
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We note that for all v G H, a(AP k )v = a(A)(P k v ® 1) = AP k v ® 2l^{A+(l + q k q k *) + A_(l - 

+ ® 2ir{A+(l " gjf ft*) + + g JV)}. 
Hence, A+(l + <?+<?"*) + A_(l - g^g^*) and A+(l - q^Qm ) + A_(l + q+q m *) G Q for all m. 
Subtracting, we get q^m* £ 2- 

Using the expression of a(-B) in a similar way, we have 

qn-ilt* + gn-i^n * € 2 for all n > 1, (15) 
3^-19^* + <ln-lQn* G 2 for all n > 1. (16) 
Using g~ = g^yo ( as observed from the first part of the proof ) in ( [J5] ) and ( \W\ ), we conclude 
that qn-iQn* an ^ Qn-iVoQn* G 2 for all n > 1. 
Let 

_ + +* 

z n — q n —iq n i 
w n = qn~ivmt\ 

for all n > 1. 

Then, we observe that z n w n = qnUoqt* = Qnln* ■ 
Moreover, 

<?o<7 =%(%yo) =QoVo% = qoVoqi IiQq = w 1 z x . 
Thus for all n > 0, g^g^* belong to C*({z n , w n } n >i). 

For all n > 2, q~_ x q~* = qn-lVl^ilt Vn-lT = In-lVlVMn* = Qn-lQn* = Qn-lln* = z n , 

q qi* = QoVoiqt yo)* = qtvovlit* = Qoit* = z i- 

Finally, 

<ln-l1n* = Qn-lVoln* = w n 

and 

q qt* = qovoqf* = m- 

Now, from the expressions of a(A) and a(B), it is clear that Q is generated by q^qn* , qn-iln* 
In-lln > Qn-iQn* + Qn-iln* ■ By the above made observations, these belong to C*({z n ,w n } n>1 ) 
which implies that Q is a C* subalgebra of C*({z n ,w n } n>1 ). Moreover, from the definitions of 
w n it is clear that C*({z ri , 

w n} n >i) is a C* subalgebra of Q. 
Therefore, Q ^ C*({z n , w n } n >x). 

In fact, a simpler description is possible by noting that w n +i = z n *w n z n +\ which implies 
{w n } n >i G C*({z n } n >x, W\). 

Defining w' = w*z\ and using the expressions for z\ and w\ we note that w 1 is a self adjoint 
unitary. 

Thus Q = C*{{z n } n >i, w'}. □ 

We now look at the coproduct, say A of Q. We have, 
from which we immediately conclude the following: 
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Lemma 3.5 A(g±) = g± ® g± 
= yi <8>yi. 

Let us now consider the quantum group Qo which is the dual of the discrete group Z2 * Z°°, 
where Z°° = Z * Z * ■ • • denotes the free product of countably infinitely many copies of Z. The 
underlying C*-algebra is nothing but C(Z2)*C(T)*C(T)*- • •, and let us denote by r+ the generator 
of n th copy of C(T) and by y the generator of C^L-i). 

Define 




Then V commutes with D and it can be easily checked that V is a unitary representation of Qo , i.e. 
(Qo, Ao, F) (where Ao denotes the coproduct on Qo, given by Ao(r+) = r+ (g> r+, Ao(y) = y ®y) 
is an object in Q'(£)). 

Setting r~ = r+y, we observe that r~ is a unitary and satisfies : 



r n r n *l f° r aU n — 1) (l^) 



/» ' n-l = r n r n *i for all n > 1. (18) 



Using (H3) in (Ea; w C lia ,v C , n-1 - i n _i» n _i# n _i- 
This implies 

r t r n * = r n r t* for a11 n - (19) 

Moreover, taking * on ( 1171 ) and ( 1181 ) respectively, we get the following: 



r 



^r-* - r-_ x r+* = for all n > 1, (20) 



n— 1 n 

r n-l r n * - r n-l r n * = for all »l > 1. (21) 

Thus, the equations ( [5] ) - ( [8] ) in Lemma 13.21 are satisfied with g^'s replaced by r^'s and 
hence it is easy to see that there is a C*-homomorphism from Qq to Q sending y, r£ to yo and 
respectively, which is surjective by Proposition 13,41 and is a CQG morphism by Lemma [3. 5 1 In other 
words, (Qq, Aq, V) is indeed a universal object in Q'(D). It is clear that the maximal Woronowicz 
subalgebra of Qo f° r which the action is faithful, i.e. QISO + (D), is generated by r^^r* , n > 1 
and r^yrf , so again isomorphic with C*(Z2 * Z°°). 
This is summarized in the following: 

Theorem 3.6 The universal object in the category Q'(D), i.e. QISO + {D) exists and is isomorphic 
with C*(Z2*Z°°). Moreover, the quantum group QISO + {D) is again isomorphic with C*(Z2*Z°°). 

Remark 3.7 This example shows that QISO + in general may not be matrix quantum group, i.e. 
may not have a finite dimensional fundamental unitary, even if the underlying spectral triple is of 
compact type. This is somewhat against the intuition derived from the classical situation, since for 
a classical compact Riemannian manifold, the group of isometries is always a compact Lie group, 
hence has an embedding into the group of orthogonal matrices of some finite dimension. 
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4 QISO + not having C*-action 

For the rest of the article, we shall denote ady by a, where V is the unitary representation of 

QISO (D) as in the previous section. We shall now prove that a is not a C* action. Before that, 
we recall some useful properties of the so-called Toeplitz algebra from |10j . 

Proposition 4.1 Let t\ be the unilateral shift operator on 1 2 (1N) defined by T\(e n ) = e n _i, n > 
1, r(eo) = 0. Then the C* algebra C*{t\) generated by t\ on l 2 (]N), which is called the Toeplitz 
algebra, is a simple C* algebra and it contains all compact operators. Moreover, the commutator 
of any two elements o/C*(n) is compact. 

Let r be the operator on 7i defined by r = n <8> id. 

Lemma 4.2 One has the following polar decomposition of B: 

B = t\B\. 

Proof : We note that 

\B\d e ;)) = {A-A 2 +ci)H( e ;)) 



A + m 2 "-A 2 + m 4 " + c(( ^ )) = c + (n)^( ^ 



and hence r|J3|(( ^ )) = c + (n)H( ))=*(( ^ 

Similarly, r \B\ (( ^ ] ) = B(( ^ )). This completes the proof of the lemma. □ 



Lemma 4.3 



<*{r) = T ( p n + Qn) ® r+_ 1 r+*, 



n>l 

where r„ are the elements of QISO + (D) introduced before. 
Proof : For all n > 1, we have 

«(r)(( e Q " ))=V(r®id)V*( 6 " 

- ^^d)n(-) + (_- 

= l V{r®id)[( en \®r^+(y 
= ^(r ® id)[( e Q " ) ® (rf + r~') + ( e " ) ® W " O] 

= iV [ (^;).oi-) + (^ 1 ).*-n 
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Similarly, a(r) ^ e ^ ^ = ^ e ^ ^ ® r n-i r n * f° r an n>l. 

Moreover, air) ( & ® | = a(r) ( ^ 1=0. 

V / V e o J 

Thus, «(r) = En>i tP„ ® r+_ x r+* + En>i ^Qn ® r+_ x r+* = En>i r(P„ + Qn) ® r+_ x r+*. □ 
Theorem 4.4 T/ie *-homomorphism a is not a C* action. 

Proof : We begin with the observation that each of the C* algebras Tr±(S^ c ) is nothing but 
the Toeplitz algebra. For example, consider C := 7t+(St| c ). Clearly, T = ir+(B) in an invert- 
ible operator with the polar decomposition given by, T = t\\T\, hence t\ belongs to C. Thus, 
C contains the Toeplitz algebra C*(ri), which by Proposition 14.11 contains all compact oper- 
ators. In particular, C*{t\) must contain n + {A). Since C*(ri) is clearly unital, it contains 
|7r_4_(JB) | = \J tt+(A) — tt + (A) 2 + cl, and hence also tt+(B) = ti\tt + (B)\. Thus, it must contain 
the whole of C. Similar arguments will work for 7r_(5^ c ). 

Thus, r = T\ © n = 7r(2?)|7r(.B)| _1 belongs to ir(S 2 c ). If a is a C* action, then for an arbitrary 
state (j) on QISO + {D) we must have a^(r) = (id<8n^)oa(r) is in 7r((S? c ), hence a^(r)P + must belong 
to C = 7T + (5^ C ), where P+ denotes the projection onto TC+- By Proposition 14.11 this implies that 
[a ( / ) (T)P + , T\\ must be a compact operator. We claim that for suitably chosen </>, this compactness 
condition is violated, which will complete the proof of the theorem. 

To this end, fix any nonzero real number 9 and consider the sequence X n = e 27T of complex 
number of unit modulus. Let us consider the unital *-homomorphisms (j) n , n = 0,1,..., where 
00 : C(Z<i) — > C sends the generator y of C{Z?) to 1 and 4> n is defined on the n-th copy of C(T) 
such that <f>n( r n-i r n*) = 1- Thus, we have a unique unital *-homomorphism : QISO + {D) = 
CiZ-z) * C(T)*°° — » C which extends the above mentioned homomorphisms. Clearly, au(r) = 
Yin ^nT~(P n + Qn)- Moreover, we see that 



r)P+,n] 







= (id ® 0)a(r) ^ 6 "- 1 j - r(id ® ^ ^ j © r+_,r+* 
= (A„-i - An) ( e "- 2 V n > 2. 

Similarly, [a,i(r)P + , n] ( J = (A n _i — A n ) ( ^ ) . Hence, the above commutator cannot be 

V e n J V e n-2 J 

compact since A n — A n _i does not go to as n — > oo. □ 

Corollary 4.5 The subcategory of Q'(D) consisting of objects (Q,U) where &du is a C* action 
does not have a universal object. 

Proof: By Theorem 14. 4} the proof will be complete if we can show that if a universal object exists 

for the subcategory (say Q^) mentioned above, then it must be isomorphic with QISO + {D). For 

this, consider the quantum subgroups Qn, N = 1, 2, of QISO + (D) generated by r+, n = 1, N 

and y. Let ttn '■ QISO + {D) — > Qn be the CQG morphism given by vrjv(y) = y, 7Tjv(r^") = r+ for 
n < N and 7rjv(r+) = 1 for n > N. 
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We claim that (Qn, Un := (id <8> ttn) V) is an object in Q[ ( where F denotes the unitary 
representation of QISO + (D) on H ). To see this, we first note that for all N, 

y) + X.(l + y)}. 

Among the four summands, the first two clearly belong to S 2 C ® Qat. Moreover, the sum of 
the third and the fourth summand equals A(l — X^^Li Pn) ® 2X^~{^+(1 + £/) + ^-(1 — 2/)} + -^(1 — 
J2n=i Qn) ® 2ir{^+( 1 _ 2/) + ^-(1 + y)} which is an element of S^ c ® Qat. 

We proceed similarly in the case of B, to note that it is enough to show that for all N, 

c+(n)5 + c _(n)5 ~ ( c+ (n)5 - c _(n)5)y 



e +tet ; + e 



2c+(n) ^ 2c+(n) 



i .1 rm . 1 



, V RO ^ c + (n)2 +c _(n)2 _ ( c+ (n) s - c_(ra)2 )y 

+ 2^ ^ n 2^ ^ 5Qm0 2Zh 

n=JV+2 v ' n=N+2 y ' 

belongs to S 2 ®Qn- The norm of the second and the fourth term can be easily seen to be finite. The 

first term equals \B{\ - J2n=i P n)[{A - A 2 + rf)~* + (A - A 2 + ciy^^A - {^A) 2 + elf] ® 1 
and therefore belongs to S 2 ® Qn- The third term can be treated similarly. 

Thus, there is surjective CQG morphism Vjv from the universal object, say Q, of Q[ to Qn- 
Clearly, (Qn)n>i form an inductive system of objects in Q'(D), with the inductive limit be- 
ing QISO+(D), and the morphisms i/jn induce a surjective CQG morphism (say ijj) from Q to 
QISO + (D). But Q is an object in Q'(D), so must be a sub-object (in particular, quantum sub- 
group) of the universal object in this category, that is, QISO + (D). This gives a morphism from 
QISO + (D) onto Q, which is obviously the inverse of ip, and hence we get the desired isomorphism 
between Q and QISO+(D). □ 

Remark 4.6 Since it is clear from the constructions that QISO + {D) is Tj-invariant, one has 
QISO + (D) = QISOf(D), and hence the spectral triple considered by us also gives an example for 
which QlSOf (D) does not have a C* -action. Moreover, the subcategory of Q\ consisting of the 
CQG's having C* -action, does not have a universal object. 
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